When the power grid encounters unexpected contingencies, conventional optimal phasor measurement units (PMUs) placement formulations with unlimited observability propagations may increase the risk of losing the observability. In order to tackle out this difficulty, an enhanced optimal PMU placement (OPP) formulation with considering bounded observability propagation constraints is proposed in this paper by introducing the concept of observability propagation depth (OPD). The OPD can characterize the depth of observability propagations applied to observe a bus from its nearest PMU measurements. To depict OPDs under a mathematical programming (MP) framework, new observability propagation rules, which are also valid for a power grid remaining incomplete observability with limited PMUs, are investigated. Extensive simulations are conducted on several IEEE test-bed systems as well as the Polish-2383 system to demonstrate the feasibility and the effectiveness of the proposed formulation.
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I. INTRODUCTION
Technology improvements in phasor measurement units (PMUs) have changed operations and control of modern smart grids toward a more efficient way [1] , [2] . The time-tagged measurements synchronized by global position satellites (GPS) substantially advance in a variety of wide-area monitoring, protection and control (WAMPAC) applications [3] . With expeditious sampling rates, PMU measurements can aggregate a big measurement data set for real-time bad data detection [4] , fault location identification [5] , dynamic/transient stability assessment [6] , [7] and post-disturbance protection and control actions [8] , [9] . Challenges of slow updating rates and time-skew errors of existing conventional measurements in supervisory control and data acquisition (SCADA) systems can also be overcome [10] . VOLUME 8, 2020 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/
A. STATE-OF-THE-ART OPP METHODS
To enhance the grid observability, the classical optimal PMU placement (OPP) problem has been widely investigated [11] , [13] , [14] to explore the most economic PMU deployment subject to the complete observability of the power grid. Two distinct approaches, numerical observability and topological observability have been proposed to characterize the observability of the power grid. The numerical observability examined the full rank of the measurement Jacobian matrix [15] - [17] while the topological observability explored the existence of at least one spanning measurement tree associated with the power grid [18] . PMUs are assumed to be installed on buses in most of these OPP problems; while some of them considered branch PMUs [19] . In fact, a variety of heuristic algorithms [20] , [21] have been applied to solve the classical OPP formulation which has been proven to be NP-complete even for special grid topologies [22] , [23] . More recently, applying observability propagation rules, which can be achieved by exploring fundamental circuit laws at particular buses, such as zero injection buses (ZIBs) or conventional measurements in SCADA systems, has also been proposed to reduce the required number of PMUs [24] . In order to accommodate these diverse physical constraints, various researchers have formulated this problem in the mixed integer linear programming approach [11] or the quadratic optimization problem [12] by the mathematical programming (MP) approach. However, due to the strong observability dependency in forming observability propagations, the inattention of these unlimited observability propagations in existing OPP formulations may pose the obtained solution at a higher risk of becoming unobservable, especially when the power grid encounters some unexpected severe contingencies or malicious cyber-attacks [25] .
To further enhance the reliability and the robustness of overall measurement systems with considering unexpected contingencies or malicious cyber-attacks, several enhancements have been proposed independently. Multi-objective OPP problems were formulated by maximizing measurements redundancy and minimizing the number of required PMUs simultaneously [26] . Redundant measurements for bad data detections in measurement residuals were strategically appended on critical measurements of which the removal will lead to an unobservable system, while these redundancy guaranteed local security criteria [27] . Meanwhile, contingency-constrained OPP problems [28] were also proposed to prevent unexpected failures, such as losing a PMU measurement and/or a single line outage. Nevertheless, the required number of PMUs for these formulations were significantly larger than those of the classical OPP problem. Empirically, the number of required PMUs to maintain complete observability under N-1 contingency condition is about 50% of the system bus size [28] .
B. PROPOSED METHOD
Intuitively, a bus is more likely to lose its observability if this bus is observed by applying more observability propagations since a lot of reliable facilities of PMUs are involved in forming these observability propagations. To consider the risk of losing the observability of a bus under contingencies, Nuqui and Phadke [29] first presented the concept of depth of unobservability (DOU) which was defined as the depth away from the nearest observable buses under the incomplete observability condition. In their approach, PMU placements were explored by a tree search technique. Although this DOU can indeed limit the distance between unobserved and observed buses and can be utilized as a good indicator for deploying PMUs incrementally [30] , the effect of the DOU under a MP framework still has not been studied yet. In order to solve this issue, the concept of observability propagation depth (OPD) as the complementary part of DOU, was proposed in our recent works [31] , [32] . The OPD is defined as the ''depth'' away from PMU measurements of a bus being observed. As illustrated in Fig. 1 , the OPD with an indicator p on each bus starts from p = 0 on the buses directly observed by located PMUs. Their neighboring buses with the label p = 1 can also be observed by Ohm's law if their incident current phasors are measured and line impedances are known in advance. Then, a series of observability propagations starts at p = 2 and proceeds as further as possible if various observability propagation rules which will be addressed later can be satisfied at the previous depth. However, due to the observability dependency in forming these observability propagations [25] , the inattention of unlimited observability propagations in most existing OPP formulations is likely to place a bus observed through more observability propagations with the increasing risk of becoming unobservable under severe contingencies or malicious attacks.
In this paper, a new OPP formulation is proposed under a MP framework to restrict these observability propagations by giving a bounded OPDp. Rather than deploying plenty of PMUs as supplements for contingencies, the robustness of measurement systems can be generally enhanced in an alternative way by curtailing permitted OPDs with few PMUs appended since less observability propagations can be applied. Although the authors of [33] also proposed a concept similar to the proposed OPD, they did not quantify the OPD related to the probability of unobservability and did not characterize the ''depth'' of observability propagations; instead, they only considered observability propagations in one depth at most. Quantitatively, the OPD can be treated as an approximation of the profile of synchrophasor availability [34] . The concept of the OPD can also be applicable to establish a reliable communication systems by considering the signal propagation delay in data transmission through phasor data concentrators (PDCs) [35] , [36] .
A comparison of various existing OPP formulations studied in the past two decades [37] and our proposed formulation is summarized in Table 1 . To our best knowledge, only the proposed enhanced OPP formulation is considered limited observability propagations. Since more variables and constraints are involved in our proposed OPP formulation, more realistic solutions which can indeed capture engineering practice will be obtained with the cost of longer computational time.
The remainder of this paper is organized as follows. Preliminaries pertaining to the classical OPP formulation are investigated in Sec. II. In Sec. III, the proposed OPP formulation with new observability propagation rules are presented. Numerical results are examined in Sec. IV. Finally, conclusions and discussions are made in Sec. V.
II. CLASSICAL OPP FORMULATION
The classical OPP formulation minimizes the number of PMUs and geometrically ensures the observability of each bus simultaneously, which was described as [11] min c T x (1)
If (2) is satisfied, the power grid is considered to be completely observable. The observability function f (x) can be derived in two different ways.
A. DIRECT MEASUREMENTS
Depending on channel capacity limits of PMUs [38] , two cases will be considered: 1) Without Channel Capacity Limits: If bus i has been deployed with a PMU, all its neighboring buses can be observable, which leads to the following formula [11] :
2) With Channel Capacity Limits: Since the availability of these measurements relies on the establishment of communication systems, the limitation on the channel capacity of a PMU should be considered with either the establishment cost or the bandwidth capacity of communication systems. Contemplating communication cost or the capacity of PMU measurements, (3) needs to be reformulated as (4) by introducing a new binary variable ω ij [39] , which is 1 if a PMU is installed at bus j and bus i can be observed by the current measurement on line (i, j), or 0, otherwise.
Note that all PMUs are assumed to monitor voltage measurements of the located buses. Under the definition of ω ij , (5a) is formed. Assuming that the channel capacity of a PMU installed at bus j is restricted by a constant max j , (5b) characterizes the channel capacity limit of each PMU, where one of which is assigned to the voltage measurement of the located bus [39] .
Three scenarios are considered for observability propagations:
1) The Effect of ZIBs: ZIBs, to which no loads or generators are connected, are likely to apply observability propagations if KCL equations formed at these buses can be solved. As illustrated in Fig. 2 , let j ∈ Z , bus i ∈ N [j] is unobserved; the observability propagation rule (R1) can thus be stated as follows:
• (R1) If each bus k ∈ K is observed, then bus i can also be observed by applying the observability propagation effect of ZIB j. Note that (R1) can be applied in two scenarios: (a) the neighboring-propagation, when i ∈ N (j), or (b) selfpropagation, when bus i is identical to ZIB j, as shown in Fig. 2 (a) and (b), respectively. Aminifar et al. [28] introduced a binary variable y ij , which is 1 if the effect of ZIB j can be applied to observe bus i, or 0 otherwise. Let each bus be associated with a binary indicator z j , where z j = 1 if j ∈ Z or z j = 0, otherwise; the observability function in (4) can be modified as
To maximize the observability propagation effects of ZIBs for saving PMU utilization, the following equality constraint (4) was also established:
2) The Effect of a Supernode composed of Multiple Interconnected Unobserved ZIBs (SZIB) [40] : As shown in Fig. 3 , let L be the set of buses in the open neighboring set of a SZIB, denoted by S, another observability propagation rule (R2) can be described as follows: • (R2) If each bus l ∈ L is observed, then the observability propagation effects of all ZIBs in S can be simultaneously applied to observe themselves by solving the set of |S| KCL constraints. Note that (R2) can be depicted by the aforementioned formulation, which is identical to applying self-propagation of (R1) to all the interconnected ZIBs in S.
3) The Effect of Conventional Measurements (CMs):
Considering three CMs: (i) voltage measurements (VMs), (b) injection measurements (IMs), and (c) flow measurements (FMs), another binary variable υ ij is introduced which is 1 if bus i can be observed from bus j through CM information, or 0, otherwise. These observability propagation rules of CMs can be stated as follows [24] . a) The buses equipped with VMs play the same role as PMU buses. b) An IM provides the injected current measurement of the located bus and behaves in the ZIB-like observability propagation. c) Define E FM as the set of branches installed with a FM, which is capable to measure the power flow information of the transmission line. Let ζ i be the binary observability variable of bus i, which is 1 if f i ≥ 1 or 0 otherwise. Bus i can be observed if (i, j) ∈ E FM and the voltage phasor of bus j is known, which leads to the following constraints.
where (8b) forbids abuse of observability propagations on each FM. When considering these CMs, the observability function in (6) is reformulated as follows:
III. ENHANCED OPP FORMULATION
The power grid is usually under the incomplete observability condition since the topology of the power grid is always upgrading. Only limited numbers of PMUs and CMs are initially installed at certain critical buses for monitoring important dynamics of certain tie-lines [30] . Thus, the requirement of the complete observability as expressed in (2) is not realistic in engineering practice. Modifications on constraints described by aforementioned observability propagation rules should be made for incomplete observable power networks.
A. MODIFICATIONS ON CONSTRAINTS DESCRIBED BY OBSERVABILITY PROPAGATION RULES
Since the observability propagation effect of ZIBs described by (7) might be over-estimated due to the invalidation of the complete observability requirement (2), modifications of constraints described by aforementioned observability propagation rules are needed. We conversely rephrase observability propagation rules (R1) and (R2) as follows:
• (R3) Bus i cannot be observed via (R1) if there exists another unobserved bus k ∈ K .
• (R4) All ZIBs in S cannot be observed via (R2) if there exists an unobservable bus l ∈ L. To incorporate these new rules into the MP framework, (R3) and (R4) can be expressed as follows:
where j ∈ Z , i ∈ N [j], and k ∈ K .
The right-hand side of (10) consists of two terms. The first term clarifies that the observability propagation effect of a ZIB j cannot be applied to bus i if observability of an arbitrary bus in K is lost, as depicted in (R3). Nevertheless, the second term offers another opportunity for enriching observability, i.e., if any two unobserved interconnected ZIBs can apply self-propagation to observe themselves, which is identical to the observability propagation effect of a SZIB as stated in (R4). To be compatible with the incomplete observability framework, (7) should be slightly modified as follows:
Both constraints (10) and (11) make the proposed OPP different from the classical OPP because new observability propagation rules are involved. It is worthy of mentioning that the above formulation can also be generalized for the power grid with CMs. For simplicity, we omit the details.
B. FORMULATION WITH BOUNDED OPDS
By combining the concept of the OPD, the proposed enhanced OPP problem with a bounded OPD can be formulated. Since the OPD describes the cause-and-effect relationship in deploying PMUs, constraints (10) and (11) will be modified accordingly with the OPD indicator p.
Inspired by [23] , we modify the previous binary variable by associating the OPD indicator p with y ij , which is defined to be The relationship between observability propagations can be explicitly characterized with this new variable. First, (10) and (11) are reformulated as follows:
where j ∈ Z , i ∈ N [j], and k ∈ K . To avoid overestimations, (13) forbids a bus from being observed via observability propagations at p + 1 if it has been observed before p.
Summarizing (R1)-(R4), (14) characterizes the observability propagation process with the OPD indicator as follows:
where j ∈ Z , i ∈ N [j], and k ∈ K . Because the summation term on the right-hand side of (14) is a binary function, as shown in (13), the summation in K is at most |K |. When the summation is equal to |K |, the right-hand side is 1 and guarantees either bus i has been observed or the observability propagation effect is ready to be applied at the next iteration p + 1, i.e., y ij [p] = 1, on the left-hand side. Similarly, observability propagation constraints of FMs associated with the OPD indicator can be formulated as follows:
where υ ij [p] = 1 if bus i can be observed by bus j via CMs at the next iteration p + 1, or 0, otherwise. By utilizing the definition introduced previously, we have the following initial condition of f [p], which is accommodated by direct measurements:
Observability propagations proceed from p = 2 if certain propagation rules can be satisfied at the previous depth. The iterative refinement of the observability function can be expressed as follows:
In (17), it can be concluded that the observability function is accumulated from one of the following three sources: 1) direct measurements from PMUs at the initial stage, 2) pseudo measurements via observability propagations at p ≥ 2, or 3) inheriting the value of f i [p] from the previous iteration. Note that (17) also guarantees the monotonicity of observability functions, i.e., ζ i [p + 1] = 1 if ζ i [p] = 1.
C. OBSERVABILITY ENHANCEMENT WITH PRE-DEFINED BOUNDED OPDS
In addition to fulfil the complete observability condition, redundant measurements are typically investigated to enhance observability under contingencies. Traditionally, the preventive OPP problem [28] considered scenarios of losing a PMU contingency, which is modelled by modifying equation (9):
and/or single line outage contingency, which is stated as follows:
where indicates the set of all line outage contingency. Although this preventive OPP problem can avoid unobservability under most of contingencies, the cost were too high to invest PMUs about 1 2 scale of the system size [28] . Alternatively, the proposed OPP problem enhances observability by shortening the required OPDs for all buses to be observed with a pre-defined bounded OPD.
Let P = {1, · · · , p, · · · ,p} be the set describing the index of these iterations in the observation process. The given bounded OPD, denoted byp, is used to restrict the number of observability propagations. Thus, the proposed OPP model with a given bounded OPD in the termination condition f i [p] is formulated as follows:
where b are the observability requirements of all buses. The comparison of the proposed enhanced OPP formulation with the classical OPP formulation is comprehensively depicted in Table 2 . In summary, our proposed OPP problem investigates the PMU placements under different given bounded OPDsp. The special case of the proposed OPP model by settingp = |N |−1 is definitely identical with the classical OPP formulation or the model [29] by setting DOU as zero in which no restrictions are imposed on observability propagations. Assuminĝ p = 1, i.e., no observability propagations permitted, the OPP problem is equivalent to the well-known vertex cover problem or the domination problem [22] , [31] .
IV. RESULTS AND DISCUSSIONS
The proposed OPP formulations on several systems, including a simple 13-bus system, IEEE 39-bus, 57-bus, 118-bus test-bed systems, and Polish 2383-bus system [41] , are conducted to verify the effectiveness and the feasibility in large-scale systems. All simulations are conducted with CPLEX 12.5.1.0 solver in the GAMS 24.8.3 version [42] . Since all simulations can achieve the zero absolute gap setting, the global optimal solution of each task is achieved. For simplicity, we assume the PMU installation cost is identical in which each entry of vector c is 1. Readers can refer to [43] , [44] for more comprehensive investigations about practical PMU installation cost.
A. ILLUSTRATION OF THE OPDS
As shown in Fig. 4 , an example of a 13-bus system with 4 ZIBs at buses 4, 7, 11, and 12 is given with three PMUs installed at buses 2, 6, and 10. Although [23] also proposed an approach to restrict observability propagations, the results demonstrate that the proposed formulation is more practical and comprehensive. Fig. 4 (a) and (b) depicts the corresponding OPDs and observability propagations obtained from the proposed formulation and the formulation in [23] . Both formulations obtain the result that buses 1, 3, 5, 7, 9, and 11 can be directly observed at p = 1. Without considering the self-propagation rule in [23] , bus 4 cannot be observed at p = 2. Consequently, the system remains incomplete observability because the subsequent neighboring-propagations, as shown in Fig. 4(a) , can not be applied. The main obstacle encountered in [23] is that the authors overlooked essential physical model restrictions, which is impractical for real power systems.
On the other hand, that the OPD of each bus can be treated as an indicator to reflect the risk of losing observability under contingencies or cyber-attacks is concluded. Fig. 4 (a) also illustrates the observability dependency for each bus to be observed. Specifically, buses 1 and 3 are observed by the PMU on bus 2. Similarly, the availability of observation on ZIB 4 relies on the observability of buses 3 and 7, which are further depending on the availability of PMU buses 2 and 6. The results of OPDs and the corresponding observability dependency for each bus to be observed are depicted in Table 3 . The results in Table 3 expose that with larger OPD being observed, the bus is more easily to become unobservable since more components are required to be available in forming the long observability propagations. The effectiveness and flexibility of the proposed OPP problem to investigate PMU placements under different pre-defined bounded OPDs is presented. Table 4 depicts simulation results on three IEEE test systems. Initially, let p = |N | + 1 relax the limitation on the OPD which is equivalent to the classical OPP problem. By gradually reducing the bounded OPDs, more PMUs are required for fulfilling complete observability conditions since less observability propagations are allowed. The proposed OPP model can also find the lower bound of the bounded OPD, which is characterized asp * , for acquiring the minimum number of PMUs, wherep * = 4, 4, and 3 for IEEE 39-bus, 57-bus and 118-bus system, respectively. Compare to the results in existing literatures. Regardless of the literatures even not achieving the results of minimum number of 8, 11, and 28 PMUs on these test systems, most of the rest need more OPDs on IEEE 57-bus and 118-bus system for the complete observability condition since the classical OPP model did not consider the limitation on observability propagations. Practical PMU deployment considering the limitations of PMU channel capacity and the effect of existing CMs is investigated as follows. Table 6 shows the comprehensive results of the proposed OPP model under different criteria of permitted bounded OPDs and PMU channel limitations. Assume that all the channel capacity of PMUs installed on each bus are unified. The results show that the tendency of appending more PMUs under either less bounded OPDs or less PMU channel capacity conditions. Since voltage measurements of the located buses are assigned to all PMUs, when max = 1 and p = 1, all buses are installed with a PMU for the complete observability. Fixing max = 1 and relaxing limitations on observability propagations reduces the number of PMUs by |Z |, where there are 12, 15 and 10 ZIBs on IEEE 39-bus, 57-bus and 118-bus system, respectively. To meet the results of minimum number of PMUs, the minimum number of PMU channel capacity requests max = 4, 5 and 6 for IEEE 39-bus, 57-bus and 118-bus system, respectively. 
1) CONSIDERING PMU CHANNEL LIMITATIONS

2) CONSIDERING THE EFFECT OF CONVENTIONAL MEASUREMENTS
Incorporating with the effect of existing CMs to the proposed enhanced OPP model, assume that 20 FMs and 20 IMs were initially installed in IEEE 118-bus system, where the configuration is illustrated in Table 7 . Note that since the VMs makes buses observed by subsequent series of observability propagations intractable in real-time, we do not consider the effect of VMs in this paper. The results of PMU placements under different givenp are presented in Table 8 . When given Table 4 since no observability propagations are allowed. By relaxingp, the number of required PMUs reduces. The minimum number of PMUs reduces a half number from 28 to 14. Additionally, the minimum OPDp * to reach the minimum number of PMUs condition also increases fromp * = 3 tô p * = 4 due to more observability propagations from CMs involved.
C. RESULTS ON LARGE-SCALE SYSTEM
To verify the feasibility of the proposed OPP formulations on large scale systems, the proposed enhanced OPP model is also carried on Polish-2383 system with 2896 transmission lines and 552 ZIBs. Table 9 shows the result of 556 PMUs in the proposed OPP formulations by relaxing the limitation on observability propagations. The results are compared to which of the classical OPP model [45] presented in Table 10 . Minimum number of 553 PMUs were obtained in the classical OPP model for fulfilling the complete observability condition on Polish-2383 System. Note that since more variables and constraints are involved in the proposed enhanced OPP formulation to depict the OPDs, the extreme result of relaxing bounded OPDs in the proposed OPP formulations can be derived byp = 8 with 556 PMUs, which is the 0.5% gap with the classical OPP model. Nevertheless, by studying the proposed OPP model, the results imply that more than nine OPDs are required to complete observability, which poses the measurement system in the higher risk of unobservability under contingencies or malicious cyber-attacks. To enhance the robustness of the measurement system, the results by means of the conventional OPP model in Table 10 shows that over 50% of buses are required to be installed with a PMU to prevent contingencies. Alternatively, as the results in Table 11 , the proposed OPP model enhances the robustness of measurement systems in an alternative approach by reducing OPDs for all buses to be observed with only a few appended PMUs. When givenp = 1, only 746 PMUs are needed and the observability is guaranteed by at least one neighboring PMU. In contemplating the cost of PMUs and constructions of communication facilities, the proposed model can also be extended to an incremental strategy for deploying PMUs introduced in our previous work [32] , where the rationale is that the PMUs installed in the previous stages shall not be moved or removed in the latter stages.
V. CONCLUSION
In contrast with conventional OPP formulations, the proposed OPP formulation enhances measurement systems in an alternative way by means of curtailing the permitted observability propagations. Due to the observability dependency in forming observability propagations, the inattention of unlimited observability propagations in existing OPP models may pose measurement systems in a higher risk of losing observability under unexpected contingencies or malicious cyber-attacks. The new introduced concept of the OPD characterizes the depth away from PMU measurements of a bus being observed. To depict the OPD of each bus, new observability propagation rules are proposed which are also valid under the incomplete observability condition. Furthermore, the robustness of measurement systems are generally enhanced by given a bounded OPD, which forbids the observability accomplished in limited observability propagations. Extensive simulations are conducted on several IEEE test-bed systems as well as the Polish-2383 system to demonstrate the feasibility and the effectiveness of the proposed formulation. In our future work, the OPD of a bus being observed related to the risk of losing observability will be quantified by studying a probabilistic model; and a bilevel optimization will be proposed by incorporating the probabilistic observability model with the enhanced OPP formulation. He was with the Algorithms and Computation Laboratory, Institute of Information Science, Academia Sinica, for eight years. He joined the faculty of the Department of Industrial Engineering and Engineering Management, National Tsing Hua University (NTHU), in February 2010. He has been a Full Professor, since August 2018. His research mainly focuses on designing efficient algorithms that can be used to solve difficult optimization problems from real applications. He has been interested in problems related primarily to combinatorial optimization and algorithms. His lab has developed approximation algorithms by theoretical analysis for well-known hard problems, such as online shortest path, facility location, domination, and scheduling and packing problems. He has also extended his study to systems biology. He has designed graph-theoretic algorithms for global alignment between multiple biological networks and conducted comparative analysis across species. Recently, his lab has explored the area of online and dynamic algorithms. 
